We consider an option c which is contingent on an underlyingS that is not a traded asset. This situation typically arises in the context of real options. We investigate the situation when there is a "surrogate" traded asset S whose price process is highly correlated with that ofS. An illustration would be the cases where S andS model two different brands of crude oil. The main result of the paper shows that in this case one cannot draw any non-trivial conclusions on the price of the option by only using no arbitrage arguments.
Introduction
The success of the celebrated Black-Scholes formula in the context of pricing and hedging derivative securities in financial markets is largely due to an important feature of this model: the prices obtained in the Black-Scholes model do not depend on preferences but only on a no-arbitrage argument. This pleasant fact corresponds to a basic feature of this model: any derivative security (e.g., a European call option just as well as a more complicated path-dependent option) can be perfectly replicated by an appropriate trading strategy on the underlying asset.
The methodology of the treatment of options in financial markets was extended to the context of real options [2] ; the value of a real option is typically not derived from a traded asset as in the classical case, but rather from a random variable which is not traded in a liquid market. Nonetheless one tries to apply similar arguments as in the case of derivatives contingent on traded assets, sometimes referring to the possibility of hedging with surrogate assets; by this we mean a traded asset whose price process is closely related (but not identical) to the price process of the underlying of the real option, which typically is not a traded asset. The usual argument in favor of the use of "surrogate trading strategies" is that a sufficiently good "surrogate asset" should do just as well, or maybe almost just as well, as the underlying asset itself (if it were a traded asset).
In this note we critically analyze this common belief. In Section 2 below we formalize the setting of a real option on an underlyingS, which is not a traded asset, but such that there is a traded assets S which is close toS. We do this by modeling S andS as geometric Brownian motions with drift, correlated by a correlation coefficient which is close to one (but not equal to one!). For an intuitive illustration one might think of the following situation: An option is written on the price of some brand XYZ of crude oil. We assume that there is no liquid market for this brand of crude oil (or, more realistically, for futures contracts on this brand), but there is some other brand UVW of crude oil for which a liquid futures market is available, allowing for (almost) frictionless trading. The idea is that the price process of these two brands should be sufficiently similar to justify the use of UVW as a "surrogate asset" for XYZ.
The main result of this note shows that for a European Call option written on the underlyingS we cannot conclude anything on its price by using only no-arbitrage arguments: if only trading in the surrogate asset S is allowed, then any number in (0; 1) is a possible price for this option without violating the no-arbitrage principle.
From an economic point of view this result is, of course, absurd. To fix ideas think of a European at-the-money call option onS. Nobody will be willing to sell the option at a price of, say, one thousandth of the price ofS, or -vice versa -to buy the option at a price of, say, ten times the price ofS. What the theorem states is that such absurd prices are not ruled out by no-arbitrage considerations (under the assumption that we are not allowed to trade in the assetS). The message of this theorem is not that applying the Black-Scholes methodology to real options is not correct, but: whenever one applies the Black-Scholes methodology to real options whose underlying is not a traded asset one must be very careful and one has to be aware that preferences, subjective probabilities etc. have to come into the play. Relying on pure no-arbitrage arguments does not lead anywhere.
Having seen that prefect replication of an option written on the underlyingS is not possible by only trading in S, it is natural to ask how small the hedging error can be made. One way to quantify the hedging error is by considering the variance of this random variable which subsequently is to be minimized. This leads to the well-known concept of the variance-optimal martingale measure (see [10] and [12, 13] ) which is closely related to the notion of the minimal martingale measure (see [4] and [3] ) and gives rise to a hedging strategy using the Galtchouk-Kunita-Watanabe projection in an appropriate Hilbert space. Following [11, Example 4.3] we explicitly calculate this strategy and the variance of the corresponding hedging error and analyze its asymptotic behavior as the correlation coefficient tends to one. We also compare this variance-optimal strategy with other -more naive -strategies. These latter considerations also bear some practical relevance as they clearly show that naive strategies, such as simply replacing S byS, are not optimal.
The Main Results
We consider a probability space ( ; F; P) that supports two independent standard Brownian motions 
W again is a standard Brownian motion whose correlation to W equals , which we should think of as being close to one. We now fix real numbers ,~ , and r, and strictly positive numbers ,~ to define the asset price processes dS = Sdt + SdW; dS =~ S dt +~ S dW (2) where the initial values S 0 andS 0 are positive constants. Using Itô's formula, it follows that the random variables S T andS T modeling the terminal values of the corresponding assets are given by the familiar expression
with
two correlated Gaussian random variables. The bond price process is given by B t = B 0 e rt .
The financial market is given by the traded assets (S t ) 0 t T and (B t ) 0 t T and we assume -as usual in the Black-Scholes world -that frictionless trading in continuous time is possible in these assets. In contrast, we assume that the assetS cannot be traded at all; but it is the underlying for a
European call option C. The value of C at time T is given by the random variable
where K > 0 is the strike price. Our goal is to investigate what can be said about the pricing and hedging of C if we only can trade in the bond and the "surrogate asset" S.
The basic theme in the theory of pricing and hedging derivative securities is to determine the price C 0 of this option at time t = 0 and -if possible -to justify this price by replicating the option using an appropriate trading strategy on the available traded assets. In mathematical terms this amounts to writing the random variable C T as the sum of a constant c 0 , a stochastic integral R T 0 H t dS t and an integral R T 0 G t dB t , where the predictable processes (H t ) 0 t T and (G t )0 t T represent the investments at time t in stock and bond respectively. If such a replication of an option C is possible, then the usual no-arbitrage argument allows to conclude that c 0 is the unique arbitrage-free price at time t = 0 for the option C.
As announced in the introduction in the present setting we are far away from this situation and we only obtain trivial bounds for the possible arbitrage-free prices c 0 . More precisely, for every c 0 2 (0; 1), there is a probability measure Q on F, equivalent to P, such that the discounted traded asset (S t e ?rt ) 0 t T is a Q-martingale and such that the pricing rule C 0 := e ?rT E Q (S T ? K) + ] (6) yields the value C 0 = c 0 .
Hence the financial market consisting of the traded assets (S t ) 0 t T , (B t ) 0 t T and (C t ) 0 t T , where the option price process C is defined by C t = e ?r(T?t) E Q (S T ? K) + jF t ] ( 
7)
admits an equivalent martingale measure and is therefore free of arbitrage.
Proof: The setting of the theorem actually is a special case of a by now well-known topic, namely the theme of hedging under convex constraints. The assertion of the theorem can be derived from [8] , Exercise 4.5.6, p.86 and Example 4.1.2, p.75.
Since the general results of [8] , Chapter 4, require a more complicated machinery and since the subsequent direct argument also allows for some economic interpretation and understanding we give a self-contained proof of the theorem.
The basic issue is to determine the set M e (S) of all probability measures Q on F, equivalent to P under which the discounted price process S=B = (S t e ?rt ) 0 t T of the traded asset S is a martingale.
The basic insight of the seminal papers [5] and [6] was that -under some regularity conditions -the measures Q 2 M e (S) are in one-to-one correspondence to the consistent, i.e., arbitrage-free, pricing rules via formula (6) . We refer to [1] for a general version of theses issues which are dealt with in full mathematical rigor and where -among other technicalities -one has to pass to the concept of local martingales. But in the present context these rather subtle considerations are not needed.
What are the equivalent martingale measures Q 2 M e (S) in the present situation? They are precisely those probability measures Q on F, such that the logarithmic returns (X t ) 0 t T as defined in (2) have drift rate r ? 2 =2 under the measure Q. Indeed, for an equivalent probability measure Q, this latter assertion is equivalent to the Q-martingale property of the discounted traded asset S=B. 
is Gaussian with mean zero and variance T under Q . Now we let vary in R: from 
Summing up in less formal terms what we have done so far: For arbitrary 2 R, we have constructed a probability measure Q , equivalent to the original measure P, such that under Q the process of logarithmic returns (X t ) 0 t T of the traded asset (S t ) 0 t T has the correct drift, namely r ? 2 =2, to make S=B a martingale. On the other hand Q was fabricated in such a way that the process of logarithmic returns (X t ) 0 t T on the non-traded assetS has a drift coefficient equal to . Speaking economically, for a given value of close to +1, the choice of the probability distribution Q corresponds to the pricing rule applied by an agent believing that the assetS will perform very well in the average; on the other hand, a given value of close to ?1 corresponds to the pricing rule applied by an agent believing thatS will perform very poorly. Not too surprisingly -from an economic point of view -the above calculations reveal that in the former case an agent will price a call option onS very high while in the latter case she will only be willing to pay a very low price for it.
This proves the first and the second assertion of the theorem; the third assertion now follows from the general theory as developed in [5] and [6] .
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Remark: We have stated and proved the above theorem under the assumptions of constant coefficients ; ;~ ; ;~ . But the proof easily carries over to the case, when we assume these quantities to be optional processes. We do not carry this out in detail, but only state the result in one important special case: we assume ;~ ; ;~ still to be constant, while = ( t ) 0 
Trading strategies related to minimizing the variance of the hedging error
We have seen that in the setting of the previous section it is impossible to obtain a perfect replication of an option onS by trading on the asset S. Hence we have to lower the stakes and look for trading strategies on the asset S such that the outcome is close to the random variable (S ?K) + . The concept of "close" will be interpreted in terms of the variance of the hedging error, which we shall minimize. For the sake of simplicity and in order not to overload the presentation by too many constants, (we are afraid, the reader had already a sufficient dose in the above proof), we shall assume throughout this section that S 0 =S 0 = K = 1, r = =~ = 0, and =~ = 1. We observe that the assumptions S 0 =S 0 = 1, r = 0, and =~ = 1 are essentially just normalizing assumptions and do not really restrict the generality (as regards the assumption r = 0 one may always take the bond as numeraire to reduce to this case). On the other hand, the assumptions =~ = 0 indeed reduce the generality of presentation as this implies that S andS are already martingales with respect to the original measure P. The more realistic case 6 = 0 and/or~ 6 = 0 requires more involved arguments and will be treated elsewhere.
The classical Black-Scholes theory applied to the financial market (S t ) 0 t T = (exp(W t ? t=2)) 0 t T ; and B t 1; 
As discussed above, this corresponds to the setting whereS is a traded asset, in which case perfect replication of the option (S T ? K) + by a trading strategy in the assetS is possible. But our question is: what is the wisest thing to do, if we only can trade in the asset S ?
To formalize this question, we call a predictable process (h t ) 0 t T an admissible trading strategy for the asset S if the stochastic integral ( R t 0 h u dS u ) 0 t T is an L 2 -bounded martingale. As in view of our assumptions on the constants and we have dS t = S t dW t ; (19) we also may write the above considered stochastic integral as
From basic facts of stochastic integration we infer that a predictable process is an admissible trading
We now can formalize our problem of minimizing the variance of the hedging error
with minimization over all x 2 R, and all admissible trading strategies h. The term x + R T 0 h t dS t denotes the result of a trading strategy starting with an initial investment x at time t = 0 and subsequently holding h t units of the asset S at time t. (As we assumed for simplicity, that B t 1 here is no term corresponding to trading on the bond B.) Our aim is to determine the pair (x;ĥ) such that x + R T 0ĥ t dS t minimizes (21). (21) is given by the following pair (x;ĥ): 
Proposition 1 The solution to the optimization problem
1.x = c =S 0 N(d 1 ) ? KN(d 2 ), i.e.,
Comparison with a naive strategy
We recall once more that, if trading inS were allowed, we could replicate the option (S T 
with c the Black-Scholes price and f the corresponding delta-hedging strategy. Therefore we could try -somewhat naively -to simply replaceS by the traded asset S. We will call this strategy the imitation strategy.
What is the result of this "naive" strategy: it simply replicates the option on S, i.e., 
The hedging errorL T is given by the random variablẽ
Again for (mainly notational) simplicity we only discuss the case = 0; = 1;~ = 0;~ = 1; r = 0; S 0 = 1;S 0 = 1; K = 1; T = 1: This shows that the variance of the hedging error of the imitation strategy tends to zero as ! 1
with the same order as the minimal variance, but the leading coefficient is almost twice as high. Hence, roughly speaking, the price of being naive is that one ends up with a variance of the hedging error which is twice as high as it can be by acting a little wiser. 
